1. Introduction. It is well-known, and easily verified, that each of the following assertions implies the preceding ones.
(i) Every operator has a non-trivial invariant subspace.
(ii) Every commutative operator algebra has a non-trivial invariant subspace, (iii) Every operator other than a multiple of the identity has a non-trivial hyperinvariant subspace. (iv) The only transitive operator algebra on^f is 33 Çtf?).
Note. Operator means bounded linear operator on a complex Hilbert space J^7, operator algebra means weakly closed algebra of operators containing the identity, subspace means closed linear manifold, a non-trivial subspace is a subspace other than {0} and J^, a. hyperinvariant subspace for A is a subspace invariant under every operator which commutes with A, a transitive operator algebra is one without any non-trivial invariant subspaces and 33 $f) denotes the algebra of all operators on ffl.
All of these statements are true if ffl is finite-dimensional; (iv) is Burnside's Theorem [12, p. 276 ] in this case. Statement (i) is trivially true in the case where c^is non-separable. It is not hard to show that the truth of (iv) in the non-separable case would imply its truth in the separable case. (Use the fact that whenever 21 is a transitive operator algebra, so is SI 0 33 pO for any Hilbert spaced; cf. the remarks in the second paragraph of [16] .) Each statement is known to be true under various additional hypotheses; e.g., for (i) see [1; 3; 10; 14; 25] , for (ii) and (iii) see [7; 11; 19; 21; 25] . Arveson [2] showed that (iv) is true with the additional hypothesis that the algebra contains a maximal abelian von Neumann algebra (another proof is in [18] ) or the unilateral shift, and (iv) has subsequently been verified in certain other cases (cf. [16; 17] ).i
In general it seems likely that (i) is false and hence that the rest are too. In particular, then, a counter-example to (iv) is to be expected. However no counter-example has yet been found in spite of a great deal of interest in this problem during the past five years or so.
In this paper we introduce another assertion in this chain.
Definition. An operator algebra 31 is Hermitian if it (is weakly closed, contains the identity and) has the property that every invariant subspace is reducing (i.e., whenever^ is invariant under 31, then ^f 1 is invariant under 31).
Clearly every self-adjoint algebra (i.e., von Neumann algebra) is Hermitian. We consider the converse.
(v) Every Hermitian operator algebra is self-adjoint. It is easily seen that (v) implies (iv). For if St is a transitive operator algebra then 31 is Hermitian; if we assume (v), then 31 is a von Neumann algebra with trivial commutant and hence 3Ï = S3(^). Thus, in view of the above remarks, (v) is probably false in general. We feel that a counter-example to (v) would be a good beginning to a counter-example to each of the preceding assertions and thus would be very useful. We have been unable to find such an example, however. In fact, we generalize Arveson's Theorem to show that (v) is true with the additional hypothesis that the algebra contains a maximal abelian von Neumann algebra. We also show that (v) is true in certain other cases, including the finite-dimensional case. Special cases of (v) such as these may prove useful even if (v) turns out to be false in general.
One special case of (v) is already known: Sarason [24] has shown that an Hermitian operator algebra consisting of normal operators is self-adjoint; see also [18, Remark (iii)]. Proof. The proof is by induction on n. The theorem is true for n = 1 since 33 («^) is self-adjoint.
Some basic results. If
Assume that the theorem is known for n -1. We distinguish two cases.
Case (a). There exist positive integers j and k and an algebra isomorphism <j> of S&^Jfj) onto SB(e^) such that if A 6 21 then ,4|^ = 0(^[|^).
Since <j> is an algebra isomorphism, there exists a one-to-one bounded linear operator 5 
is in 21 and converges weakly to
Also, Lemma 1 implies that every invariant subspace of 211^^-1 is reducing. Hence 2l|^f c -L is Hermitian and by the inductive hypothesis 2Ï|^#/ C -L is selfadjoint. Therefore, since 2Ï is the set of all operators of the form
Case (b). There exists no such isomorphism. Then for every pair (i,j) of positive integers less than or equal to n there exists an A £ 21 such that exactly one of the two operators A \ *Jt t and A | <^# ; is zero (since it follows from the fact that 21 is an algebra that every map (j> from 93 (^#0 to 93 (^j) defined by <t>(A\tÀfi) = A\*Jtj for A G 21 is an algebra homomorphism).
We first show that there exists an A £ 21 such that A\^t is non-zero for exactly one integer i. To do this choose a non-zero A £ 21 for which the number of integers i such that A\*dfi = 0 is maximal. We must show that this maximal number is n - ± is self-adjoint, and the relation between 21 and 2ï| e^i J -implies that 21 is self-adjoint.
In particular, Theorem 1 applies in the case where every <Jéi is finitedimensional (the proof can be somewhat simplified in this case) ; this leads to a proof that (v) is true in the finite-dimensional case. THEOREM Proof. Note that here ffl must be separable; on a non-separable space every compact operator has infinite-dimensional nullspace. Let A denote the compact operator in §1.
We first prove a preliminary result: given any such 21 on an infinitedimensional space there exists a reducing subspace ~# F^ {0} such that %\*JK is transitive. For this we follow the proof of [22, Theorem 2] . Let J^~ denote the family of subspaces ^Y that reduce 21 and have the property that the norm of A\jV is equal to the norm of A. Choose a maximal chain {jY a ) in&~ and let *Jé = Ç\JV a . We will be finished if we show that 21 \*JK is transitive. By [22, Lemma, p. 827] there exists a countable subfamily {jV ai \ of {^V a } such that ^ai+i Q JYai for each i and ^ = Oz=i X». Since a compact operator attains its norm, for each i there is a vector x t £ JY ai such that \\xt\\ = 1 and ||-4#*|| = H-411. Choose a subsequence of {%i} that converges weakly to some x. Then \\Ax\\ = ||4|| and also x Ç ^ since {x*} is eventually in each jV ai . Therefore, ^ 6 ^. If %\*Jt were not transitive, then, by Lemma 1, %\*Jt would have a non-trivial reducing subspace, say ££. But then at least one of the two subspaces ££ and *Jt C\ S£ L would be in &~, which is impossible since ^# is a minimal subspace in J r . This establishes the preliminary result.
Zorn's Lemma implies that there exists a maximal family {*Jt\\ of pairwiseorthogonal reducing subspaces for 21 such that no ^t\ is {0} and such that %\^JKi is transitive for each i. Since $? is separable, the family {*JKi\ is countable. Let J^ denote the orthogonal complement of the span of {^i}. We must show that J^ = {0}. If JT 9^ {0} then J^ reduces 21 and, by Lemma 1, every invariant subspace of 21 |«yf is reducing. If jf were finite-dimensional, then it would follow as in the proof of Theorem 2 that Jf contains a reducing subspace ££ such that 211^ is transitive; this contradicts the maximality of {•Jti}. If J^ were infinite-dimensional, then by the preliminary result established above, Ctf would contain a reducing subspace <$£ such that 2ï|«if was transitive (note that the preliminary result does not require the algebra to be closed). This would also contradict the maximality of { ~#*}. Hence Jf = {0} and the theorem is proven.
The main result.
We shall now prove that an Hermitian operator algebra which contains a maximal abelian self-adjoint algebra is self-adjoint. For this we need some of the notation from [18] . If 5f is a collection of operators, let Lat 5/* denote the set of all subspaces invariant under every operator in */. The usual direct sum of n copies of the Hilbert space 3? is denoted by J^( w) ; vectors in^( w) are written (xi, . . . , x n ). Il A is an operator on J^,the operator £?=i 0 A t on Jt? < n > with A t = A for all i will be denoted by A (w) and if 2Ï is an algebra of operators, 2I
(W) will denote the algebra {A w : A G 21}. The (closed) span of a family {*J£ a } of subspaces will be denoted by \f a^a . We shall use the abbreviation "m.a.s.a" for "maximal abelian self-adjoint algebra".
The following lemma is a special case of a well-known lemma (cf. 
We must show that (Bx, y) = 0. Note that P a y JL P a jV and thus 0 = (P a BP a x,P a y) = (BP a x,P a y).
Therefore, (Bx, y) = 0. Proof. The hypotheses imply that each x t is uniquely and linearly determined by Xi so ^ has the form exhibited above for some linear transformations T t defined on Qf. It follows from the invariance of *Jé under 9î (w) that each T t commutes with 9Î. Suppose that the desired inclusion holds for all k < n and consider a member ,^#of Lat 2l (w) . Let *Jt x be the set of all those elements (x u . . . , x n ) of -# for which Xi = 0. Proof. By Theorem 4 such an algebra is self-adjoint and the only transitive von Neumann algebra is S3 (<#?).
The next result is about triangular operator algebras (see [13] for definitions and basic theory). We have been unable to prove Conjecture 1, although it seems very unlikely that it could be false given the fact that the special cases mentioned above have been proven. Conjecture 2. A weakly closed triangular operator algebra is hyperreducible.
Conjecture 2 is trivially true if the algebra is Hermitian, by Corollary 2. It is shown in [23] that Conjecture 2 is true if the algebra is a maximal triangular algebra. It is also observed that Conjecture 1 implies Conjecture 2; on the other hand it is very conceivable that Conjecture 2 could be proven without Conjecture 1 being decided. Conjecture 4. If §1 is Hermitian and if P is the projection onto a reducing subspace of 2Ï, then tyi\PJi? is Hermitian.
The problem in Conjecture 4 is proving that %\PJi? is weakly closed; see the comments after Lemma 1 above.
Conjecture 5. If §1 is an Hermitian operator algebra containing a finitemultiplicity unilateral shift, then 21 is self-adjoint.
Conjecture 5 would follow from Conjecture 4, Theorem 1, and Nordgren's result [16] in the transitive case. It seems likely, however, that Conjecture 5 can be established without Conjecture 4, by strengthening Nordgren's techniques.
